We realize the string/(D − 5)-brane duality on the action level between the T 10−Dcompactified heterotic string effective action and the (D − 5)-brane effective action in D dimensions by managing a Lagrange multiplier field. A dual dictionary is composed to be available for the translation between the elementary or solitonic solutions of the dual pair of actions. In the same way the S duality is also reconstructed on the action level as a double dualization for the T 6 -compactified heterotic string effective action.
Recently, there has been much attention to the dynamics and symmetries of string and p-brane in various dimensions [1, 2, 3, 4, 5] . The non-perturbative aspects of string and p-brane theories have been understood by various kinds of dualities. There is a web of interconnections among many string and p-brane theories, which may suggest the existence of a single unified theory. The string-string duality in six dimensions implying that the heterotic string compactified on T 4 is dual to the type IIA string compactified on K3 has emerged as a symmetry of the equation of motion and not the action [6, 7] . This duality relates the elementary singular solution of the heterotic string theory to a solitonic non-singular solution of the type IIA string theory and similarly the elementary type IIA string is regarded as a solitonic non-singular solution of the heterotic string theory. In seven dimensions the heterotic string compactified on T 3 has been considered to be equivalent to the D = 11 supergravity compactified on K3 [4] . This string-membrane duality is shown on the action level where the starting heterotic string effective action is dualized into the effective D = 7 action obtained through K3 compactification of the D = 11 supergravity, by introducing a Lagrange multiplier 3-form potential [8] . The dualities in five dimensions have been also studied [9, 10] . The D = 11 supergravity compactified on K3 × T 2 is identified with the heterotic string compactified on T 5 [10] . On the other hand there are different kinds of symmetries for the string theory such as the S duality and the T duality [11] . The T duality is a manifest symmetry of the low-energy string effective action, while the S duality is a symmetry of the equation of motion only. But by introducing suitable auxiliary fields the S duality has been manifestly realized on the action level in the same way as the T duality, at a sacrifice of the manifest general coordinate invariance [12] . The general coordinate invariance, however, can be recovered by eliminating the auxiliary fields through their equations of motion.
In this letter we will present a general framework of the string/(D−5)-brane duality on the action by introducing a Lagrange multiplier (D −4)-form potential for the low-energy effective action describing the heterotic string compactified on T (10−D) . The structure of this duality will be argued and compared with that of the string-string duality in ten dimensions between the heterotic string and the type I string [13] . Based on the same framework we will reformulate the S duality in four dimensions. We will see that our demonstration of the S duality on the action is different from the prescription of Schwartz and Sen [12] and preserves the general coordinate invariance manifestly.
We begin to consider the heterotic string theory compactified on T (10−D) , whose massless bosonic fields are the metric g µν , the antisymmetric tensor B µν , the U(1) gauge fields A a µ , a = 1, . . . , (36 − 2D), the scalar dilaton field Φ and the (36 − 2D)
where I k denotes the k × k identity matrix. The low-energy effective action for these fields is expressed as [14] 
where
µ and the 3-form antisymmetric field strength is given by
νρ + cyclic, which includes the Chern-Simons term and then satisfies the modified Bianchi identity
This action expressed in terms of the string sigma-model metric is changed into one in terms of the Einstein canonical metric by the conformal rescaling
so that we have
where appropriate contractions are taken. In this stage we make a dual transformation by imposing the modified Bianchi identity (3) on H with a Lagrange multiplier (D − 4)-form potential B ′ and treating H µνρ as an independent field [15] . The Lagrange multiplier term added to the action (5) is described by
whose parameter α will be fixed. The equation of motion for H µνρ yields
. Substituting this solution back into the total action and choosing the parameter α = ±1/(3!(D − 4)!) we obtain
where in the last term the space-time indices are contracted by using the completely antisymmetric D-dimensional ǫ tensor. We have the form of a dual action with a topological 
provides an action in terms of the (D − 5)-brane sigma-model metric
In this way the total dual transformation is accomplished on the level of the action and not only the equation of motion. The (D − 5)-brane coupling constant given by g
is related with the string coupling constant g = e Φ/2 as g
. We see that the coefficient of the F (LML)F term has no dilaton dependence in contrast with the H ′ 2 term. In D = 6 dimensions the dual action S ′ is just the low-energy effective action for the type IIA string compactified on K3, whose coefficient of the dilaton kinetic term is positive. This total dual transformation recovers the string-string duality [7] . The minus sign of the topological term −ǫF LF B ′ /4 in (10) is linked with the plus sign of
In D dimensions the total dual transformation is summarized by
as a dual dictionary, whose first equation is provided by combining (4) and (9) . Let us consider the case that we first carry out the dual transformation on the heterotic string effective action S h to obtain an action, which we represent by S hd . Directly from S hd we cannot obtain the desired dual action S ′ with positive coefficient of the dilaton kinetic term, no matter how we try to make both conformal rescaling and dilaton sign flip. But this first dualized action S hd can be changed into the canonical one S c d by the same conformal rescaling as (4), and so we can again arrive at S ′ along the same route. The dual action S ′ in D = 7 dimensions is almost the same one as obtained in Ref. [8] except for the kinetic term of dilaton field, whose coefficient is negative. This minus sign is due to the direct transformation without going into the canonical actions as intermediates.
The dual transformation in the inverse direction can be also performed. For instance in D = 6, 7 dimensions we add to the respective actions S c d the Lagrange multiplier terms expressed by using 2-form potentialsB ′ as 
with ∆ = 1 + C 2 /y D−4 , where x µ (µ = 0, 1) are the coordinates of the string world surface and y m are those of the (D − 2)-dimensional transverse space and y = √ δ mn y m y n [16, 17, 18] . Its electric charge is proportional to the constant C 2 . Under the dual transformation this electrically charged solution goes over to a magnetically charged one with both metric and dilaton unchanged for the canonical interpolating action S 
whose magnetic charge is specified by C 2 . We see that in D = 6 dimensions the x µ plane is flat. In the opposite direction the starting solution (13) is mapped to a solution for the heterotic string effective action S h in the string sigma-model metric by the conformal rescaling (4)
This electrically charged solution is translated into (14) through the dual dictionary (11). 
Conversely as a starting solution we take an elementary (D − 5)-brane solution for the (D − 5)-brane effective canonical action S
with Φ ′ left intact. In D = 6 dimensions the solutions (14), (18) turn out to be of the same forms as (17), (15) respectively [7] . The pair of solutions (17), (18) are also related with each other through the dual dictionary (11) . Thus the dual dictionary should be applied to the solutions of equations of motion but when used for the transformations of the relevant actions it should be decomposed as previously argued.
Moreover we proceed to the singularity structure of these solutions. In terms of the Schwarzschild-like coordinate r defined by
we rewrite (15) and (14) as
where A = 1 − (a/r) D−4 and dΩ 2 D−3 is the standard metric on the unit (D − 3)-sphere. In order to see the singularity structure near r = a we reparametrize r as (D − 4)(r − a)/a = e (D−4)ρ/a and obtain in the asymptotic limit r → a, ρ → −∞
together with the linear dilatons Φ = −Φ ′ ∼ (D − 4)ρ/a, which show that the weak heterotic string coupling limit is identified with the strong (D − 5)-brane coupling limit for the solitonic string solution. The asymptotic metric for ds 2 h is a warped product of two-dimensional Minkowski space with the conformal factor shrinked for D > 4 and a cylindrical throat R × S D−3 . This solution is singular at the horizon r = a and compared with the non-singular solution ds ′ 2 , which is a product of S D−3 and three-dimensional antide Sitter space with the conformal factor blown up for D < 6 or shrinked for D > 6. In the critical D = 6 dimensions it becomes a product of three-dimensional Minkowski space and S 3 [7] . On the other hand by making the similar change of variable as y 2 = r 2 − a 2 with C D−4 = a 2 for (17) and (18) we have
with B = 1 − (a/r) 2 . In terms of ρ defined by e 2ρ/a = 2(r − a)/a the asymptotic solutions are obtained by In a similar viewpoint we would like to comment on the string-string duality in ten dimensions relating the heterotic string theory to the type I string theory [13] . We start with the ten-dimensional heterotic string effective action
which is similar to (2) with Φ replaced by 2φ and use the conformal rescaling g µν = e φ/2 g c µν , (4) with D = 10 to obtain
which is read off from (5) . Skipping the dual transformation we change the sign of dilaton field as φ ′ = −φ to get S ′ c . The conformal rescaling g
which is the low-energy effective action for the type I string. The total transformation composed of these three steps is summarized by g µν = e −φ ′ g ′ µν , φ = −φ ′ as a dual dictionary. This string-string duality includes the strong-weak coupling exchange and is compared with the previous string/(D − 5)-brane duality which contains it together with the electric-magnetic charge exchange.
Here we take up the D = 4 case separately to consider the S duality. By choosing plus sign as α = 1/3! for S c d , (8) and expressing the 0-form potential B ′ by ψ we obtain
The plus sign of the last topological term is connected with the minus sign of 
where C a µν are the field strengths of
. Before proceeding by using the self-dual and anti-self-dual gauge field strengths F ± = −MLF ± iF satisfying F ± = ±iMLF ± we rewrite the sum of the kinetic term and the topological term in (26) as
where we have taken account of
Combining (27) with its Hodge dual to give
± and substituting them back into the total action we obtain for the associated three terms
The transformed self-dual and anti-self-dual gauge field strengths are alternatively expressed as F
We find that if we choose β = 1 and set λ ′ = −1/λ the obtained compact expression (30) is of the same form as the initial sum (28). Since the kinetic term of the complex field λ is also rewritten by −∂λ
2 , the transformed action becomes the initial one, but with
The action remains of the same form under the other transformation λ → λ + c with a real constant c, that is combined with the above dual transformation to generate the S duality group SL(2, R). We have observed that the string/(D −5)-brane duality is constructed from the four steps. In order to produce the full dual transformation on the action level by arranging the four steps it is essential that the relevant actions in terms of the canonical metric interpolate in the route of transformations. We would like to emphasize that the dual dictionary itself should be used for the translation between the elementary or solitonic solutions of equations of motion for the dual pair of actions. The ten-dimensional string-string duality associated with the heterotic and type I strings can be interpreted to be included within the larger duality, the string/(D − 5)-brane duality. The former duality consists of the strong-weak coupling exchange and two decomposed conformal rescalings, while the latter wide class of duality consists of them as well as the electric-magnetic charge exchange. The S duality in D = 4 dimensions has been realized on the action level through the double dual transformation with respect to the gauge fields and the antisymmetric tensor field. Both S duality and string/(D − 5)-brane duality can be understood on an equal footing. We hope that our study will give a step toward classifying various kinds of dualities.
